A statistical theory of nonequilibrium steady states is proposed, which is based on the principle of maximum information entropy. The basic ideas are introduced via an example: The conduction electrons carrying the Ohmic current which is the system of dissipating momentum. The theory is applied to the Gunn effect, where the probability distribution for the plasma field energy is obtained, indicating abrupt change in the field energy at the threshold. The problem of the laser threshold is also treated. It is found that the theory gives similar distribution functions to those derived from the Langevin equation method.
§I. Introduction and summary
The recent appearance of a very comprehensive reviewn of the Langevin equation treatment of irreversible processes bas helped greatly to emphasize the analogies between the behavior of systems far from equilibrium and the behavior of conventional systems in thermal equilibrium. These analogies suggest that the nonequilibrium steady state may be treated in a similar way to the statistical mechanics of the equilibrium state.
By generalizing the method of Gibbs statistical ensembles the nonequilibrium statistical operator has been constructed from the local integrals of motion and applied to many irreversible processes! 1 On the other hand, we can take entropy as the starting concept. The guiding principle is that a probability distribution which maximizes the information entropy under certain restrictions, provides the most unbiassed representation of our knowledge of the state of the system. 31 Since the concept of the information entropy is not confined to the equilibrium state, the distribution functions of nonequilibrium steady states can be obtained from the principle of maximum information entropy. 31 ~6 1 Recently, the author proposed a method in which the distribution function for hot electron states has been deri,·ed from this principle." The information entropy S 1 is defined by (1) where wi is the probability that the system is found in a state i. The probability distribution for the hot electrons is obtained by maximizing S 1 under the restricting conditions that the average dissipation rates of energy and momentum are constant.
H. Sato
The purpose of this paper is to show the essential idea and the effectiveness of this method.
The next section is devoted to the discussion on the steady current obeying Ohm's law, which is a system dissipating momentum. The essential feature of our method is of the restricting conditions which we impose on the systems, or in an idea concerning what we know about the systems. In the case of the steady current this is not the average current, but the momentum dissipation rate of the system, since the steady state is realized as a result of the momentum flow through the system.
The theory is applied to the Gunn effect in § 3 and to the problem of laser threshold in § 4. These phenomena are known as phase transitions in the energydissipating systems and in either case the energy of a particular mode which has the longest relaxation time (the order parameter) becomes exceedingly large near threshold. Our theory is found to give similar results to the Langevin equation treatment for the· distribution function of the order parameter. Thus, it may be concluded that the theory presented here offers an effective approach to the nonequilibrium steady states. § 2. Theory of the steady state We consider a system consisting of conduction electrons which is in a steady state in the presence of a spatially uniform time-independent electric field E. In the case of weak fields in which a steady current J obeys Ohm's law, the energy of the system may be taken to be equal to the equilibrium value. Then, ~he momentum balance is sufficient to maintain the steady state. The system has a entropy lower than the equilibrium entropy, because to have a nonvanishing average velocity the system must be in a somewhat ordered state in the momentum space. The low entropy steady state is realized by the momentum flow passing through the system. The restricting condition should be chosen so as to reflect this fact; the average dissipation rate of the momentum is equal to the external force where -dP;/ dt is the momentum dissipation rate of the state i and N is the number of the electrons. The principle of maximum information entropy under the condition (2) gives
where C is a constant determined with Eq. (2) and W is a normalization calculated from L:;w; = 1.
In a case in which the momentum dissipation rate is, with the momentum relaxation time rc, written by dPjdt= -P/rc,
we obtain from Eq. (3) the distribution function f(P) of the total momentum P in the formn
where .fo is a factor independent of P, k8 is the Boltzmann constant, and S(P) is the entropy. The entropy S(P) which represents a statistical weight of the state P is expressed asn
where Tis the temperature, m IS the electron mass, and we put S(O) =0. By substituting Eq. ( 4) into Eq. (2), the average momentum P. is given by P, = 'L:,;w;P; =reNeE.
By determining C with Eq. (7), Eq. (5) becomes
2k8 TNm k8 TNm (8) This distribution function represents the fact that at P = P, the entropy is decreased from the equilibrium value by the amount S(P.). § 3. The Gunn effect Gunn 8 > discovered that the application of a static electric field, exceeding a certain threshold value, to n-type GaAs or InP generated spontaneous periodic oscillations of current flowing through a sample. It has been shown that at the Gunn threshold the frequency of one of the plasma modes which is purely imaginary goes to zero, the mode becoming unstable. 9 >~m This soft mode plays a role of the order parameter as the unstable field mode in the laser problem.1l' 12 > The individual motions of electrons, which excite the plasma mode, must obey adiabatically the plasma variable near threshold. The Langevin equation treatment of the Gunn effect has been given by Nakamura. 12 > The thermodynamical system with which we are concerned consists of electrons in the conduction band, which are hot in a high electric field. As described in § 2, the probability distribution for the system dissipating momentum and energy is proportional ton exp(Bc!:_U -ci-P). dt dt (9
The system is considered to consist of two subsystems; the individual motion of the electrons and the collective plasma mode. Near the Gunn threshold, we are interested in the energy of the plasma mode and therefore, have to eliminate the individual motion from (9) . Taking the adiabatic approximation that the individual electrons follow without delay the plasma field, we get for the probability distribution wP of the energy HP of the plasma mode
smce the variables of the individual motion may be regarded as constant parameters.
The constant B in Eq. (10) is determined by the condition that the average of -dU I dt is equal to the supplied pO\ver Q:
Considering the fact that at or below the threshold the energy of the plasma mode is relatively small, we assume a simple dissipation lavv for the energy --dUidt= (U-Uo)l-:.,,
where U is the total energy of the individual electrons, U0 is the equilibrium value of U, and ru is the energy relaxation time. Substituting Eq. (12) into (9) and neglecting the effect of the momentum dissipation, we have the probability distribution for the energy U proportional to exp( -BUir,J.
This form is the same as the canonical distribution provided that the electron tempera Lure Tc is defined by (14) By assummg the equipartition law, the average energy rs grven by <U) = ~Nl<BT,., (15) where N is the number of the electrons. Combining Eqs. (11), (12) , (14) and where f EPdv == 0 is used.
We assume that the steady state distribution for the plasma modes is given by where the bar indicates the time-averaging procedure. Then we ha\·e wp=Z-1 exp( -B S JEPdv). 
where the last term is obtained by partial integration with assuming the periodic boundary condition for Ev.
It is apparent from Eqs. (24) and (27) that the rate of the energy dissipation rf; plays a role of the free energy in thermal equilibrium; the probability distribution is proportional to exp( -B¢) and the steady state \·alues of EP are given by the minimum of ¢. Since the differential conductivity Jcl (Jl changes from positive to negative values with increasing E 0, rj; seems very much like the free energy of the second order phase transition. Howe,·er, for N-type current-voltage characteristics Jc1 c 2 > may in general be negati,-e in the threshold region, so the phase transition associated with the Gunn effect is not of the second order type, but rather like the first order transition as already shown by Nakamura. 12 > § 4. Phase transition of the laser field
The analogy between the threshold behavior of the laser field and phase transitions in equilibrium has been discussed by many authors.n,lS)-16 > This problem is briefly treated by our method to show the similarity of the behavior of the laser field to that of the plasma field in the Gunn effect.
We take as an example the solid state laser which consists of a set of laser active atoms embedded in a solid state matrix. Then the atoms and the light field compose our thermodynamical system. The steady state is characterized by the balance of the energy flow and therefore we have the probability distribution proportional to exp ( BdU / dt).
We now confine our analysis to the simplest case, in which the system consists of two-level atoms with a single transition frequency and a single field mode which first becomes unstable. In the following we shall use the notations in Haken's paper.n The Hamiltonian of the system is (28) Here, b+ and b are the creation and annihilation operators of photons, g" * and g" are the coupling constants between the field and the atom /1, a"+ and a" are the dipole moment operators, and (J" is the population difference operator. In terms of the creation and annhilation operators, aj" and a1", of an electron in the level j of the atom tt we have Near threshold the atomic variables can be eliminated adiabaticallyn and then the probability distribution for the field energy is, as discussed in § 3, written as w= z-1 exp(Bd:f 1 ), (29) where H 1 =nwb+b. The change in the energy of the light field IS caused by interactions with the atoms and the reservoir:
The term due to atoms is calculated with Eq. (28):
(31)
The energy dissipation to the reservoir is, with the damping constant 2/C, written by (32) By the adiabatic approximation we can find the following relationsn from the where r and ru are the damping constants for the dipole moment and the population difference, g 2 =I !]"[ 2 , and d0 is an equilibrium inversion which is caused by the pumping process and incoherent decay processes if no laser action takes place.
Following Haken's treatment,!) we replace Eq. (35) by the expansion with respect to b+b and in the higher order term put d0 equal to the critical mverswn de, since in the threshold region b+b is still a small quantity:
o,,=do-4(g'/rr11)dcb+b. 
where N is the total number of atoms and the relation Ndc=Kr/g' has been used. 
This is nearly the same as the distribution derived from the Langevin equation method. 1 >
